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The flow of brine through the ice bed in gravitational counterwashers is investigated by analyti- 
cal methods. Two types of counterwashers are considered: a drained-top counterwasher and a 
flooded one. Only counterwashers of rectangulor cross section and two dimensional flows are 
investigated. By assuming that the ice crystals move vertically upwards with a uniform velocity 
ond that the relative flow of brine and wash water with respect to the ice bed obeys Dorcy's 
law, the differential equations and the boundary conditions of the flow are derived. The solutions 
are obtained by using complex variables and conformal mapping. The solutions are presented 
as formulae, which make possible the rational design of counterwashers and the optimization of 
their dimensions and operation parameters. 

Ice counterwashers (noted subsequently as CW) are 
used in freeze desalination processes for separating ice 
crystals from brine. 

The CW is a vertical column with vertical drainage 
screens (Figures 1 and 2) on its walls, in the middle zone. 

The mixture of brine and ice particles, which is gen- 
erated in the previous stage of the process, enters the 
bottom of the CW as a suspension, and the ice particles 
consolidate and form a compact porous bed above a certain 
level AG (Figure 1, 2) .  

The ice bed moves upwards due to buoyancy and the 
drag of the brine, which percolates through it to the screens 
BD. The movement of the ice bed is opposed by the fric- 
tion at the walls, the resistance of the mechanical scraper, 
which harvests the ice at the top of the column and transfer 
it out of the CW (to be melted) and the weight and drag 
of the desalted wash water, by which the ice is washed 
from the remaining brine at the top of the column, just be- 
low the scraper. 

Two types of CW are considered in this paper: (a )  the 
drained-top counterwasher (DCW) and (b)  the flooded 
one (FCW). 

In the case of DCW (Figure 1) the brine saturates the 
porous ice bed up to a free surface EF. Above this surface 
the bed is unsaturated. Fresh wash water is sprayed on 
the top of the ice bed and seeps downward due to gravity 
through the unsaturated zone, washing the ice this way. 
Part of the fresh water flux reaches the free surface and 
flows towards the screen, where it drains out with the 
brine. In general this fresh water loss does not exceed a 
few percent of the ice production. The rest of the wash 
water adheres to the washed ice. 

In the case of the FCW (Figure 2) the entire ice bed is 
saturated. The wash water is forced to flow through the ice 
bed under pressure. 

Theoretical and experimental studies on CWs have been 
published by Barduhn ( 1  ), Bosworth, et al. (2, 3 ) ,  Hahn 
( 4 , 5 ) ,  Kuivenhoven (6), Mixon ( 7), Sherwood and Brian 
( 8 ) ,  Wiegandt (9) and others. One of the conclusions ex- 
pressed in these reports is that most of the washing process, 
that is, the removal of the dissolved salts from the ice by 
the wash water, takes place only in a small portion of the 
upper zone of the column. The dimensions of the CW de- 
pend on the flow pattern in it rather than on the washing 
process. 

The aim of the present work is to solve the problem of 
the flow through the ice bed in its saturated part. More 

specifically, to find the fields of the hydrostatic pressure 

( p ) ,  the local superficial velocity ( q ) ,  and the stream 
function (+), as the functions of the various parameters 
of the wash columns. 

The solution enables a rational design of any desired 
CW, optimization of its parameters and quantitative con- 
trol of its performance. 

In the present analysis the concepts of drainage theory 
are used in order to solve the problem. 

BASIC ASSUMPTIONS 

- 

The present analysis is based on the following assump- 
tions: 

1. The flow is two dimensional, that is, the CW is of 
rectangular cross section and the screens are installed sym- 
metrically on two opposite walls. 

2. The flow relative to the porous medium obeys Darcy's 
law. A detailed analysis (10)  shows that for ice particles 
with equivalent hydraulic diameter less than 1/2 mm. the 
validity of Darcy's law is ensured. 

3. The screens are submerged in brine, otherwise the 
wash water may freeze and clog the upper part of the 
screens, the temperature of which is sometimes lower than 
32"F., probably due to heat conduction to the lower part 
which is in contact with brine at approximately 26°F. 

4. Both vertical distances from the center of the screens 
to the bottom of the ice bed ( d )  and to the upper bound- 
ary of the saturated zone ( h )  are at least equal to b + a, 
where 2b is the width of the CW and 2a the height of 
the screens. This restriction, which is generally met in 
typical installations, simplifies the mathematical analysis 
considerably. 

5. The porous bed is homogeneous, isotropic, and non- 
deformable; the porosity ( n ) ,  the permeability (k), and 
the ice velocity ( U ) ,  upward are uniform. 

6. The density ( p ) ,  the viscosity ( p )  of the liquid phase 
in the saturated zone and therefore the hydraulic conduc- 
tivity ( K )  are practically uniform; the small variations due 
to the salinity gradient are negligible. 

7. There is no mass transfer between the phases. 
8. The flow is steady. 
The present work is based on the report (10). In the 

interval between the publication of this report and that 
of the present paper, the problem of flow in CWs has been 
treated by two other teams. A similar analytical approach 
has been used by Schwartz and Probstein ( 1 1 ) .  An elec- 
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Fig. 1. Schematic diagram of a drained-top counterwasher. 

trical analog (Teledeltos resistance paper) has been used 
by Wiegandt, Von Berg, and Leinroth ( 1 2 ) .  In both 
works, however, only the case of FCW is treated while in 
the present paper both FCW and DCW, which is more 
practical at present, are studied. Moreover, Schwartz and 
Probstein assume that the screens may be represented by 
a sink-point or several sink-points rather than a line of 
constant head, as assumed here. This additional approxi- 
mation restricts the application of the results to CW having 
relatively short screens. They also disregard, in their anal- 
ysis, the possibility of brine breakthrough to the wash 
water. 

Wiegandt, Von Berg, and Leinroth (12) provide eighteen 
solutions of particular cases of different configurations. A 
complete solution of the general case cannot be obtained 
due to the nature of the analog method. The high number 
of independent variables requires a system of many specific 
solved cases for each configuration to enable the correlation 
of these variables and the other dependent parameters. On 
the other hand the versatility of this analog method enables 
an interesting comparison of CWs of different configura- 
tions and this comparison is accomplished by Wiegandt, 
et al. ( 1 2 ) .  

MATHEMATICAL REPRESENTATION OF THE PROBLEM 

The differential equation of the piezometric head (4) 
is obtained from the Darcy-Gerzevanov’s law (13)  : - - 

q = n U - K  g r a d 4  (1) 
where the piezometric head, the hydraulic conductivity 
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Fig. 2. Schematic diagram of a flooded counterwasher. 

( K )  , and the specific weight (7 )  of the liquid are defined 
by 

y is the height above an arbitrary reference level (in our 
case, the horizontal center line of the screens). 

Equation (1) differs from the Darcy’s law by the term 

n 6 at the right hand side.. 
The continuity law gives: - 

div q = 0 (3)  
Hence, we get from (1) and (3) the Laplace equation for 
4: 

because n, K ,  and U were assumed constant. 
In the case of two dimensional flow it is convenient to 

use, in addition to the head, the stream function (+) and 
the potential (cp) of the absolute liquid superficial veloc- 

ity ( q ).  By definition 

div grad + =  Vz+=O (4) 

- 
q u = - - = -  * ( 5 )  acp - a+ 

ay ax q x  = -ax - --. a Y  
It is easy to ascertain that the following relationships hold 
as a consequence of the previous equations: 

V2cp = 0; vz#= 0 (6)  

(7) ‘P(% y) = K + ( x ,  Y) - nUy + ‘Po 
x is the horizontal distance from an arbitrary vertical line, 
in our case the centerline of the CW. PO is an arbitrary 
constant. 

The functions cp and J, are, according to Equations ( 5 )  

January, 1970 Page 10 AlChE Journal 



harmonic conjugate functions, satisfying the Cauchy- 
Rieman equations; that is, they are the real and imaginary 
part, respectively, of an analytical complex potential 

(8)  
where 

z = x + i y  (9) 
The theory of complex variables will be used subsequently 
in order to solve the flow problem. 

4 2 )  = (0(x;y) + W ; y )  

BOUNDARY CONDITIONS 

The boundaries of DCW are given in Figure 3. AB, DE, 
and FG are vertical streamlines (AB and ED being im- 
pervious walls and FG being a symmetry line), for which 

aP 0; - = o  a+ 
dY ax ax 
-= a+ 0; -= 

For convenience, let $ = 0 be on FG. Therefore, $ = B' 
on AB and $ = - W' on ED. ( B  and W are respectively 
the flow rates of the brine and the wash water losses. B' 
and W' are these flow rates per unit thickness of the CW) . 

BD, (Figures 3 and 4) representing a drainage screen, 
is a vertical line of constant head (+o) according to as- 
sumption 3, for which: 

For convenience, 90 = - K+o. 
AG is the unknown bottom of the ice bed, with two 

boundary conditions. It is a line of constant head and uni- 
form flow rate: 

d4 (a) - = 0  
" dx 

where A is the cross section area of the CW. 
EF, the unknown upper boundary has also two condi- 

tions: it is a free surface on which a uniform flow of the 
wash water is seeping. The two conditions of this boundary 
are: 

and 
P = P, - Pc  

p ,  and p c  are, respectively the pressure of the gas above 
the free surface and the capillary pressure. 

The boundaries of FCW are given in Figure 4. The 
boundary conditions are the same as for DCW except for 
the horizontal upper scraped surface EF which is fixed 
and known for FCW and is a line of constant head (b), 
for which 

+ = + I , ;  p=K(q$,-$O)-nUh; -= 0 a+ 
JY 

THE GENERAL SOLUTION 

The flow pattern in our cases (where AG and EF are 
sufficiently distant from the screens, according to assump- 
tion 4), is nearly identical with the flow pattern in the 
same domain of an approximate case, where the flow region 
is extended to infinity in both upward and downward di- 
rections. In the approximate case as well as in the actual 
cases, the lines EF and AG are almost horizontal and the 
flows in their vicinity are practically uniform. The approxi- 
mate case is easier to solve than the exact cases. 

A complete solution of the problem is obtained when the 

complex potential, o ( 2 )  , is found. The complex potential 
is obtained by using the superposition principle. o is split 
into three simpler components: 

= 0 1  + 0 2  + 03  = (01+ (02 + (0s + i ($1 + $2 + $3) 
(10) 

01 is the complex potential of a symmetrical flow Q1 from 
y = 00 and y = - m towards the drainage screens. 02 is 
the complex potential representing a flow, Qz which flows 
from y = - 00 with the screen being an equipotential line 
and constituting a short-circuit. 03 is the complex potential 
of the uniform flow Q3 of the liquid confined in the ice 
bed, with respect to the CW due to the movement of the 
porous bed. The flow rates Q1, Q2, and Q3 are given by 
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Fig. 3. Boundary conditions in a drained-top counterwasher. 
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1 1 
2 2 Q I =  - ( B  + W); Q2 = - ( B  - W) - nUA; 

Q3 =nUA (11) 

The solutions of the three components are obtained by 
conformal mappin of the complex flow domain from the 
physical plane to t fe  complex potential plane. The detailed 
mathematical treatment is given in the appendix A. The 
final results after Q1, Q2, and Q3, according to Equations 
(11) are substituted into the equations of appendix A, are: 

‘ 8  

sin-‘ N,% (B’ + W’) y 
rlr(x;y) =- 

47r IYI 
B’ - ‘W - 4nUb 

4n 
sin-’ N24j + nUx (13) + 

Ml(x;y), M~(x;y),  Nl(x;y) and %(z;y) are given in 
Equations (16A) and (27A) in appendix A. 

At the bottom of the ice bed the flow is practically uni- 
form and the potential becomes a linear function of y only: 

(o = - B”y + S(B’; W’; nub; d b )  (14) 
Similarly the potential at the vicinity of the upper bound- 
ary E F  is: 

The detailed mathematical development, which yields 
Equations (14) and (15), is also given in appendix A. 
The functions S and T are given in Equations (33A) and 
(34A) in this appendix. 

The field of the piezometric head is obtained from the 
potential, solving Equation (7) .  Substituting (oo = - K4o 
we get 

9 = W”y + T(B’; W‘; nub; d b )  (15) 

The field of the hydrostatic pressure is obtained from Equa- 
tions (16) and (2) 

The fields of the components of the superficial velocity are 
obtained from the partial derivatives of either (o or $ ac- 
cording to the defining Equations ( 5 ) .  

(o(z,y) in Equations (16), (17), and (5) is taken from 
Equation ( 12), (14), or (15). 

APPLICATIONS OF THE GENERAL SOLUTION (DCW) 

The Elevation of the Water Free Surface 
The relationship between the height (h )  of the water 

free surface and the other parameters is obtained from 
Equation (17).  Substituting y = h, the boundary condi- 
tion p(h) = p, - p ,  and (o(x;y) from Equation (14) into 
(17) we get: 

W”h + T + (nu-  K ) h  
K Y (18) P, - Pc = 740 + 

The solution of (18) is: 

K (  40+-) Pc - PB + T  
(19) 

Y h =  
K - (nu  + W”) 

The Cross Section Area of the DCW 
The unsaturated zone in DCW can exist only if 

(20) nU + W” < K 

As U approaches l/n ( K  - W”), h approaches infinity. 
Therefore, the cross section area, A, of a column with a 
given volumetric ice rate capacity, Z, has a theoretical limit, 
Amin: 

(21) 
Z n Z  A =  &Amin = 

(1 -n )U ( 1  - n) ( K  - W”) 

Considering fluctuations and deviations of I ,  K ,  and n from 
the presumed values, it is recommended that 
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The Piirometric Head on the Screens 
From Equation (20), the denominator of the right hand 

side of Equation (19) is positive. Thus the numerator of 
(19) has to be positive as well. In the vacuum freezing 
process this condition is always satisfied since 4 0  is positive, 
and pg  < p ,  (see appendix B) . It is easy to prove that the 
last term in the numerator of the said expression is also 
positive. In t h i s  process 40 has to be as small as possible, in 
order to have a short column. The smallest value of $0 for 
which the screens are kept submerged is 

(23) P b  40 = u +- -La + 60 mm. 
Y 

where p b  is the absolute boiling pressure of the brine. 
In the secondary refrigerant freezing process, p ,  >> p,. 

4 0  has to be high so that the numerator of the right hand 
side of (19) should be positive and that h should be con- 
siderably higher than a. Otherwise, the gas from the upper 
zone may break and flow through the ice to the screens. 
The Depth of the Bottom of the Ice Bed 

The unknown depth of the ice bed, d, below the center 
of the screens is obtained, like h, from Equation (17). In a 
steady state the sum of the components of the forces acting 
on the ice bed (including the liquids codbed in it) in any 
direction equals zero. In the vertical direction: 

2 Fy = Ap (- d )  - Apg ( h )  - G - Fr = 0 (24) 

p ( -  d )  is obtained from Equation (17) into which 
cp(x;y) is substituted from Equation (14) with y = - d. 

p , (h )  is the external pressure on the upper surface of 
the ice bed: p,(h)  = p,. 

G is the total weight of the ice bed 

G = A ( h + d ) y + A h a  7" (W 

r = n y +  ( 1 - n ) ~ ~  7"= - "+  (1-n)yi  (26) 
7 is the average specific weight at the saturated zone. yo 
is the average specific weight at the unsaturated zone, 
the mean height of which is ha. yi is the specific weight 
of ice, yo and m are respectively the average specific weight 
and the volume fraction of the liquids in the unsaturated 
zone. 

Fr is the sum of the external forces (friction and resist- 
ance of the scrapers) opposing the rising of the ice bed. 
F ,  depends on many factors and cannot be predicted ana- 
lytically. There are, however, experimental data for Fr. 
In the Eilat desalination plant (Israel), for instance, Fr = 
5 Ab y .  

By substituting Equations (17), (14), and (25) into 
Equation (24), a linear equation with one unknown, d, is 
obtained: 

where 

B"dy sY + y d (  1-$) = p ,  
$07 + y-- K 

The solution of Equation (27) is: 

K ( h  7+ ha 7" + Fr/A + P , - ~ $ o )  + 7s 

APPLICATION OF THE GENERAL SOLUTION FOR THE 
DESIGN OF FCW 

The Height of the Upper (Sc~ped) Surface 
The value of h in FCW is determined by different con- 
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Fig. 5. Schematic streamlines in a flooded counterwasher; normal 
operation. 

siderations than those related to DCW. In both CWs the 
lower zone of the ice bed is occupied by the brine, and 
the upper zone is occupied by the wash water. The stream- 
line, which separates these two zones (+ = 0) has a peak 
on the central vertical line ( x  = 0). This is the stagnation 
point S (see Figure 5 ) .  The height of the stagnation point, 
y,, is significant for the design of FCW. Unlike DCWs, in 
flooded ones there is a danger that part of the brine may 
flow through the upper boundary (the scraped surface) to 
the pressurized wash water and contaminate it. The stream- 
lines in such a case are shown in Figure 6. This happens 
when h < ys. In DCW this cannot happen, because the 
existence of the unsaturated zone and the uniform down- 
ward flow of wash water through it prevents such a situa- 
tion. 

In order to determine h, the value of ys has to be calcu- 
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lated first. At the stagnation point q = 0 that is, 

q. = 0; qa, = 0 (29) 
The first condition gives, due to the symmetry of the flow 
pattern, x, = 0. 

The second one yields y.. qs is obtained by differentia- 
tion of q from Equation (12), according to the defining 
of Equation (5) with x: = 0. 

The result, after some algebraic manipulation is an equa- 
tion with one unknown, y,: 

qu(0; ys) = nu 
(B” - nu) exp ( -?) - (nu + w”) 

-L 

= 0 (30) 

The solution is, approximately (with less than 4i % error 
for practical plants where a 4 H b ) :  

ma 
B” + 2 nU sinha - 

b 2b 
77 W“ y,=- In (31) 

From the economic point of view, it is desirable that the 
water losses will be small, W 0.051. This amount is 
sufficient for the removal of the salts. In practical cases B” 

0.1 b. The lower limit of ys is, 
therefore: 

3.5 Z”; nU = 1“ and a 

3.5 + 2 sinha 5 
20 

0.05 
= 1.35 b 

b 
Ys min = -In 

?T 

The height h of the scraped surface has to be considerably 
higher than ys, since in current operation nonsteady states 
and deviations from the designed state may occur. Thus it 
is recommended to take 

h 1.3 yS’ (32) 
Unlike DCW, in FCW h is independent of the hydraulic 
conductivity of the ice bed. 

The Pressure on the Scraped Surface 
The pressure p h  under which the wash water should be 

supplied to the reservoir above the scraped surface in order 
to ensure the proper flow rate of wash water is obtained 
from Equation (17), after substituting (a as given by 
Equation (15) with y = h. 

] (33) 
T + (nu + W ” - K ) h  

K p h = Y  [ b +  

The Crass Section Area 
Unlike DCW, there are no physical limits for the cross 

section area (or for the rising velocity of the ice bed) in 
FCW, except the compaction of the ice bed on which too 
little experimental and theoretical information exists. 

The Piezometric Head on the Screens 

DCW in the vacuum freezing process [Equation (231. 
The Depth of the Bottom of the Ice Bed1 

The calculation of d in FCW is essentially the same as 
for DCW, with ph from Equation (33) replacing p ,  and 

40 should be taken as low as possible as in the case of 

with h’ = 0. 
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Fig. 6. Schematic streamlines in a flooded counterwasher; malfunc- 
tioning. 

CONCLUSIONS 

In order to design a CW, the dimensions, the brine flow 
rate, B and the boundary conditions, $0 and p h  have to be 
determined from the known or assumed parameters ( I  and 
W being the requirements, K ,  n, F, p ,  and p ,  being ex- 
perimental data). 

Previously the unknown parameters have been deter- 
mined according to experimental results. The present anal- 
ysis, Equations (19) to (28) for DCW and (31) to (34) 
for FCW, enable the direct calculation of the vertical di- 
mensions of the ice bed (above and below the screens) and 
of the boundary parameters, leaving only four parameters 
to be determined experimentally or arbitrarily (b ,  A, u 
and B ) .  Furthermore, the mentioned equations, together 
with economical and engineering data, enable also he in- 
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direct computation of these four parameters by optimiza- 
tion of the CW, rather than the experimental or arbitrary 
determination of these parameters. The optimization, how- 
ever, is beyond the scope of this work due to the large 
amount of economical and engineering data involved and 
the length of the optimization process. 

ACKNOWLEDGMENT 

This work was supported by the Technion, Israel Institute of 
Technology ( CV-225) and by Israel Desalination Engineering 
(Zarchin Process), Tel Aviv, Israel. 

NOTATION 

u 
A 
b 
B 
d 

D 
F 
f ,  g 
G 

a 
I = volumetric ice rate capacity (volume per unit 

k 
K = hydraulic conductivity of ice bed (length per 

m = liquid fraction in the unsaturated zone 
M ,  N = auxiliary geometric functions 
11 = porosity of ice bed 
p = hydrostatic pressure 
9 = superficial velocity 
Q = flow rate 
R = integration constant 
S, T = kinematic constants of the CW 
U = ice velocity 
W = wash water losses flow rate. (volume per unit 

x, t~ = coordinates 
z 
Greek Letters 

5 = complex auxiliary variable 
p = viscosity (dynamic) 
p = density 
u = surface tension 

7 = piezometric head + = stream function 
o = complex potential 

Subscripts 
b = boiling 
c = capillary 
g = gas 
h = upper boundary 
i = ice 
s = stagnation point 
x, y .  = horizontal and vertical vector components 
0 = drainagescreens 
1, 2, 3 = components of superposition 

Superscripts 
- = average - = vector ’ 

= half the height of the drainage screens 
= cross section area of the CW 
= half the width of the CW 
= brine flow rate (volume per unit time) 
= distance from the bottom of ice bed to the center 

= hydraulic mean diameter of the ice particles 
= external forces acting on ice bed 
= auxiliary geometric functions 
= weight of ice bed and the liquids in it 
= gravity acceleration 
= height of upper boundary 

of the screens 

time) 
= permeability of ice bed 

unit time) 

time) 

= complex variable of geometry 

= specific weight (per unit volume) 

= potential of the specific discharge 

= per unit thickness of CW 

“ = per unit cross section area of CW 
= unsaturated zone 0 
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APPENDIX A 

The Solution at the First Component 
The first component is solved by Schwarz-Christophel con- 

formal mapping. Because of the symmetry it is sufficient and 
easier to solve the flow equations for one quarter, say the 
lower right one, of the flow domain. The latter is first mapped 
from the physical plane (Fig. 1 A )  to the upper part of the 
auxiliary plane 3 (Fig. 2A) and the boundaries are mapped on 
the real axis so that 

JA=-WCO; lc=-11; { v = 1  ( 1 A )  

The mapping is achieved by 

Integrating, we get 
z = R’ cosh-’{ + R ( 3 A )  

The constants R and R are obtained by substituting the 
complex values of the points C and M in the z and 3 planes into 
Equation (3A). The solution is: 

b 
R’=-i--. R “ = O  (4A) 

57 

Thus 

Substituting the complex value of the point B into Equation 
( 5 A )  we get 

( B  = cash = - cash - (6A) 
b b 

T i (  b - ia) Ta 

The flow domain is mapped from the complex potential ( w )  

plane (Fig. 3A) to the auxiliary plane 5 in a similar way. 
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Fig. 1A. The $4 flow domain in the physical plane. 

d w i  
& 

-= R1 ( l - l B ) - %  ( l - l c ) - ”  

. 

Integrating and substituting lc and { B  from (1A) and (6A)  
we get: 

na 
2y + C O S ~ -  + 1 

b 
w i  = R1’ cash-1 + Ri” ( 8A 1 

cash - - 1 
b 
r a  

The constants R1’ and R1” are obtained by substituting the 
complex values of the points C and B in the l and w planes 
into Equation (8A).  The solution is: 

I 

M 
L +.I 

L B C  

Fig. 2A. The ‘/4 flow domain in the auxiliary plane. 

Qi’ 

2a 
=- 

or 

aa 
Sinhz- 

2b 

ma 
sinhz - 

2b 
Q1’ 

The equality of the real and imaginary parts of (11A) yields 
two real equations: 

%Ql 
cash - cos - 

Q 1’ Qi’ 

cpl (x;y) and $1 (qy) are derived from (12A) and 
after some algebraic manipulations: 

where: 

13A) 

14A) 

15A) 

- (f12 + g12 - 1) 
2 

Far from the screens, - y 
cpl is high and the flow is practically uniform: 

a + b, the value of the potential 

Substituting (17A) into (15A) we get: 
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B A 

_-I I 

Fig. 3A. The '/r flow domain in the complex potential plane w:com- 
ponent 1. 

At the upper part of the CW (y  > a + b) due to the sym- 
metry 

The Second Componunt 
The solution of the second component is similar to that of 

the first one. The fiow domain in the complex potential plane 
(Fig. 4A) is mapped to the auxiliary plane by 

The derivation is the same as in Equations (7A) to (1OA) with 
{aa ( =1) replacing lC ( = -1) and 8' replacing Qi': 

ra 
92' b 
2s ma 

b 

25 + cosh-- 1 

cash- + 1 

~2 = - cosh-1 

PZ r a  
cos - + sinh2- 

b 2b 
( 22.4 1 Qz' 

2r ma 
coshz - 

2b 

= - cosh-1 

Equation (22A) is similar to Equation (10A) with 0~ and 
Qz' replacing w i  and Qi', sinh d 2 b  replacing cosh 1ra/2b 
and vice versa. The following equations are similar to Equations 
( 11A) to (20A) in the same way. Thus: 

sinh 

Fig. 4A. The '/4 flow domain in the complex potential plone w:com- 
ponent 2. 

1 
2 - - ( f Z 2  + g22- 1) 

and for y 3 a + b, due to the nonsymmetry of this component 

Ircl Q2' Q2' 
QZ Y - y - + -1n cosh- 

2b IT 2b ( 29A 1 

The  Third Component 

uniform: 
The solution of t h i s  component is direct, since the flow is 

w3 = i Q3"z = i nUz 

$3 = nUx 

(MA) 
po3 = - nUy (31A) 

( 32A 1 

The general solution of the approximate case is obtained by 
The Combined Solution 

summing up the solutions of the components: 

Q = $01 + Q2 + QzPZ; $ = $1 + $2 + $3 

For large value of IyI, Q~ and Q~ are taken from Equations 
(19A) and (28A) or (2OA) and (29A), and the results of 
the summation in both cases converge after substituting Qi, Q2, 
and Q3 according to Equation (11)  to the following expres- 
sions: 
for - y k a + b  

- 2( W' + 2nUb) In cash - ] (33A) 
2b 

and for y k a  + b 
T = cp(r;y) - W"y =-[ 1 (B'+W')lncoth- r a  

2n 2b 

- 2( W' + 2nUb) In cosh - 
2b 1 

APPENDIX B 

according to Scheidegger ( 1 4 )  
The capillary pressure in a well wetted porous medium is, 

6( 1 - n)u 
nD 

pc = 

In typical washers, n Y 0.5. For cold water the surface ten- 
sion u = 7.3 x 10-3 kg./m. The minimum pc is attained 
when D, the hydraulic mean diameter of the ice particles, 
is maximal, that is D = 0.5 mm. = 0.5 x m. (assump- 
tion b. - I  

6 x 0.5 x 7.3 x 10-3 
pemin.  = = 87.6 kg./sq.m. 

0.5 x 0.5 x 10-3 
In the vacuum freezing process, p s  s 5 mm. Hg = 88 
kg./sq.m., therefore, p g  < pc.  
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